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TURBULENT BOUNDARY LAYERS ON DELTA WINGS AT ZERO LIFT
by

J. C. Cooks, D.Sc.

SUMMARY

It is found that, for turbulent flow at Mach number 2 over a thin dalsa

. wing at zero lift, the effeot of pressure gradient on the boundary layer is
negligible; +thus boundary layer calculations allowlng for convergence and
divergence of streamlines are simplified. When these are donc it is found
that, oxcept near the contre line, where streamline convergencc causcs extrs.
thickening towards the trailing odge, the momentum thickncss is nearly the
same as 1t would be for flow over a flat plate of the samc planform. This
enablos the boundery layer pressurs drag and the skin friction drag to be
determined simply., It is found that the pressure drag may bc neglectsd come
pered with the total drag, whilst the skin friotion is tho same as that of =
flat plate of the same planform,
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1 INTRODUCTION

In an attempt to assess the effect of the boundary layer on the dreg of
slender wings at zero 1lift, turbulent boundary layer caloulations are made for
a8 certain delta wing which has been tested at Bedford, using the measured
pressure distribution and, in cases where this does not give enough informa-
tion, using also calculated cross velocity acomponents,

Firstly a simple calculation is made by Spence's method1 assuming the
flow to be two-dimensional along a series of chordwise sections. This zlearly
shows that the pressure gradients on the wing are so small that the bounderv
layer (calculated on the very simple two-dimensional basis) bohaves almost
exactly as though the pressure gradient were zero everywhero, that is, as
though the flow were over a flat plate, This simplifies thc subsequent work
since the pressure gradients can be ignored leaving it possible to coneantrate
on the effect of diverging or converging streamlines, Tho wing concern:d had
an 11% thickness chord retio., For thinner wings ons may expect this cenclusion
to be even more justified. :

-A second set of coleulations is then made. It consists of two parts -
firstly the determination of the external streamlines, and sccondly the calcula-
tion of boundary layer momentum thickness slong these streamlincs, allowing for
convergence but not for pressuro gradient., It is found that, except for stroan-
lines very near to the centre line, the momentum thickness is still very cloas
to what it would have beon on the flat plate assumption. Near the centre lins
convergenoce of the streamlines causes considerable thickoning of the boundary
layer towards the rear, but this effect decrcascs very rapidly aa we go
outboard.

The next step, therefore, is to ignore tho effect of convergence and to
assume that the momentum thickness and displacement thickness over the wing are
the same as over a flat plate. Thus a displacement surface is very simply
obtained and the effect of this on the velooity potential ¢ is cxpressed in
torms of an added function Ap; thus Ao_, the incrcase in tho pressure

csoefficlent, can be caloulated, and isobars of Aop may be plotted.

Finally by integration over the surface of the wing the boundary layer
normal pressure drag coofficient is found, This drag is positive in the first
oxample under consideration but_it is very small., In fact its value at Mach
number 2 and Reynolds number 107 is 0-00008. At higher Reynolds numbers it
will of course be less than this. The calculated inviscid wave drag coefficiert
is 0-00821; thus the boundary layer pressure drag is 1: of the inviseid wave
drag, This indeed may be an overestimate, since it assumes a displacement
thiokness which, as has alroady been pointed out, is tdo small at the rear neer
to the centre line. This inorcased thickness hers will give an inoreased o_,

which, being on backward facing surfaces, will reduce the drag. This effeot,
however, only occurs over a narrow band and so the reduction will be smell., It
seems unlikely to be sufficient in this example to give negative drag, though
this could possibly happen in other examples,

As already pointed out, the wing on which these calculations were made had
a maximum thickness chord ratio of over 119, For thinnor wings one might expsot
the flow to be even closer to that over a flat plate. The samc line of approach

-J,‘_u

Approved For Release 2002/10/16 : CIA-RDP71B00822R000100080001-9



Approved For Release 2002/10/16 : CIA-RDP71B00822R000100080001-9

mey be used for other planforms besides deltas, though the amalysis in such
oases would be more difficult.

Formulae are given which enable Acp to be determined at any point of any

slendor thin delte wing at zero 1lift at any Mach number or Reynolds number.
Thus by integration the boundary layer pressure drag of the wing can be calcu-
lated. The skin friction will be the same as that over a flat plate, or
posaibly slightly less in the present example owing to the behaviour of the
-momentum thickness near to the centre line. The main conclusion, however, is
that the boundary layer pressure drag is small and mey probably be neglected
at full scale. A second example was considered later and for this there is a
reduction in pressure drag which emounts to 3% at R = 10/, due to the thickness
of the boundary layer.

The flow is supposed to be compressible and everywherc turbulent., If
there are arcas of both laminer and turbulent flow the calculation of Acp is

more difficult; another complication is the sudden deccrease in displacement
thickness which occurs at trensition owing to the sudden drop in the value of
the shape faotor H which takes place, whilst the momentum thickness remains
continuous?2, Since at full scale the flow is likely to be turbulent over most
of the wing we do not consider herc the case in which it is partly laminar,

The work done herc only applies to wings at zero lift. At higher
incidences it seems probable that the method of simplification given here would
not be possible; it may be so, however, if the flow is attachcd along the
leading cdges of a cambered wing at a low 1ift coefficient,

Therc seems to be no check on this theory by experiment as yet., This
would be a difficult undertaking, but accurate measurement of a few boundary
layer profiles on the surface of the wing near to the trailing edge would be
of great help.

2 THE WINGS CONCERNED

Two examples were used, These were both of delta plan form and had

equations
2 30 s\
i S PRS- : EANNE AN 2
z = fs= L - 10 S+ 10 ) 5 G + 13 Py ’

sfo = 41/3 , Vv = 0:01 0 s

NA
s

known as the "Lord V" wing, which was tested at Becdford, and

2 3 L
o x x x B\ (%
gl ez 8 o (0 B

)

s/c = 1/’*',
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which was tested at Farnborough by Firminj, who named it Wing 3. This wing
is such that at the treiling edge

EMG A
- = -'169
o //c3

where S(x/c) 1s the cross sectionsl area and V is tho total volume.

Here s is the somi-span at the trailing edge and ¢ the root chori.

In the case of the Lord V wing agreement between calculations of pressurae
distribution by slender wing theory was good., This did not apply to the
second wing and so calculations were made for it by Firmin by linear wing
theory., He found that this thoory gave fair egreement with his oxperinents.
This gives ground for the hope that the calouletsd values of ?y and ¢yv of

necessity used in Scction 5 below mey not be too much in error, ' The svcond
wing has large backwards faoing slopss at the rear and thus cannot be considared
"slender",

3 EFFECT OF PRESSURE GRADIENT IN TWO-DIMENSI ONAL CALCULATIONS

A cartesien co~ordinate system is used, the median plano of the wing
being z = 0, with the x~axis elong the centre line, The equation of the wingz
surface is z = 2(x,y) as in Section 2, and 32/3x and 3z/dy arc supposacd small.

We ohoose the method of Spenoe1. In the absence of a shock the equation
for the momentum thickness 6 in a turbulent boundary layer may be written

142 1y B P B

B+
n A n T - T T u /
(_S_ (.;i) /TE\ R® = 9—;—31 C f(@ (%) (—i-) d -J-C-\ + corstant .
/ \ oo/ e Y \&/
evee {’;}

In this equation the subscripts e, oo and m refor to values at the edge of
the boundery layer, at infinity and at a certain "mean" position respeetively.
R,the Reynolds number, is equal to u_o/v .

co ’ oo
Depending on the rangss of RB(= uee/be) concerned (which overlap) n may

take the values 4, 5 or higher values, We give in Table 1 the values o the
constants for gero heat transfer when n = 4 and n = 5.
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TABLE 1

Values of constants in Spence's equation. Zerc heat transfer

n=h n=5
c 0-0128 000885
o 0-0160 00106
B 4125 4o O
D 14735 14665
E 1332 14343
3 0-778 0+822
H 2. 5(140-17842) 1
T /1 140+ 128"
Range of Ry 100-5000 500-50, 000

The value n = 5 was chosen for the first calculations. Taking the
measurcd pressure distribution at various values of y/s for the firstwing at
Mech number 2 and Reynolds number 107, based on root chord, thec solutions in
Fig.1 wére obtained (circles).

If there had been no pressure gradient, so that u, = U, 'I.“3 =T ,M=MN,

as on a flat plate, equation (1) on integration would have reduced to

1
‘i+'r—1 __1_ =P ,
i) - ol eop B 1+O-128MZ) [ Z - X|\;, (2)
° n </ \® 1%l

assuming © to vanish at the leoding edge, which will be the case if this edge
is sharp.

For R = 107, M_= 2, n=5 equation (2) becomes

[
1.2 - '
A = O» A
(:) = 0-000300 <c !s‘> , (3)
or, for n = 4 e1°25 / v\
() = 0-000206 /% - LZ‘; , (%)
<°> \& (8l
12
(-2-) obtained by cquation (3) is plotted for the first cxample as a full

line in Fig,1 for comparison with thé results with pressure gradient. As can
be seen the result is scarccly distinguishable from that obtained by a full
solution of equation (1). Equation (4) gives results virtuelly coincident with
those of equation(?)., The same conclusions apply to the second example.,

-7 -
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Thus we may say that the measured pressure gradient of the wing at zero
1ift is so small as to be negligible in boundary layer calculations. This say
not always be true. The equation from which (1) 1s derived is

ou
ae o <) 2 T
'a‘x-+ue ™ (2+H—M) = Puz
e e
end the effect of the pressure gradient lies in the second tecrm. (It must also
affect © to some extent but this is genorally ignored.) Now from Teble 1

24 HMC = 30520 556U

and this vanishes when }M = 2¢51, which is not very far away from the value

M = 2 used in the caleculations. At any rate we have shown that the peassure
gradient has very little effect in our examples and we shall ignore it from ncw
onwards.

k THE_SHAPE OF THE EXTERNAL STREAMLINES

The streamlines are calculated from the equation

d | Vo '
il (5)
e

where uy and v_ are the x and y components of the externsl velocity. IJnly tha
value of u, oan be obtained from the measured pressure distribution ami so v

was found by a slender thin wing calculation for the given wing. The solutioa
of equation (5) is straightforward but involves some interpolation and
iteration, If v, 1s calculated for a few values of y/s near to the particular

one concerned the interpolation can be done graphicnlly. Once y is found, éYV
(which is required in later ocalculations) may also be found by interpolation:

Some of the streamlines for the first example are shown in Fig.2. They
diverge near to the leading edge but converge later. However, the convergen:e
is very slight except near to the centre line., This convergence is vary much
less in the second example,

5 THE EFFECT OF STREAVMLINE CONVERGENCE OR DIVERGENCE

| Aocording.to‘the axi-symmetrie analosyg.the boundary laycr along any
streamline on the wing z = z(x,y) behaves like that over an axiclly symmetrio
body of radius r, whore r is given by o

du ov
-a—— 2 42 = —.9. —.—B- {6,y
U, 35 log r Ue) = 2 (ax + 3y ) » (63}

assuming that 9z/8x and 3z/dy are small. Here we have written Ug = u§+v§ anc. s
represents distance mcasured along a streamline.

-8 -
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Hence we have

H_ or EIE (7)
r 9ds  Qy

ignoring the velocity gradient aUe/bs and ignoring also aue/bx compared with
ave/éy in accordance with the usual slender body theory. In any case Bue/éx
is approximately equal to aUe/bs which we have already decided to ignore.

If the external perturbation potential ismg? and we write Ue = Uy
equation (7) becomes

1 or _
r o9s ¢&y * (8)

Now Spence1 gives the form of his egua}ion for an axi~-symmetric body. It
is the same as equation (1) except that r'+1/1 is to be inserted in the left
hend side anl also inside the integral on the right hand side. In using the
axi-symmetric analogy we must follow a streamline and hence d(x/c) should be
replaced by d(s/c). Ve must also replace u by U . As we are ignoring the

pressure gradient we shall write Ue = Uy T = Tu; M =Iﬁm. It is more con-

e
venient to differentiate the equation. Using the version n = 5 in Table 1 and
writing @ = (6/¢)1°2 we f£ind

a0 1 _or 02 2,-0-822
As/oy * 123 3(s/8) ° 0-0106 R (1 + 0-1281L ) ,

or,for M _= 2, R = 107, using equation (8)

ﬁaﬂ.goqbyy@ = 0-000300 |, (9)

where we have replaced s/c by x/¢, since the streamlines are nearly parallel to
the x-axis.

If ¢yy = O this equation has equation (3) as its solution, as was to be
expeoted. Thus the effect of convergence or divergence of the streamlines is
expressed by the term 1-2¢c ¢yy ® in equation (9).

The solutions of equation (9) for the first example are shown in Fige3
for various streamlines, numbered 1 to 5 in Fig.2, together with values from
equation (3).

The main feature of the curves in Fig.3 is that the solutions by equation
(9) and the flat plate solution run very near to each other, except near to the
centre line, where the error in 6 rises to about 50¢%. This is, however,
confined to an area very near to the centre line. At other locations the

-9 -
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initial divergence reduces the value of © slightly and the convergence whic:
oocurs downstream has little effect on ©. Consequently in calculating the
effect of displacement on pressure drag we may assume flat plate valucs and
expect that the error near to the centre line will only have a small c¢ffect or
the total drag. In the sccond example the values are closer together, the
oxtra thickness only rising to about 5% near the centre line.

6 SOME ACTUAL MAGNITUDES IN A TYPICAL CASE

It may be of interest to give some idea of the actual magnitudes of the
various boundary layer thicknesses near the trailing edge of = fullescale wing.
We consider o delta wing with a root chord of 200 feet, flying at a Mach number
of 2:2 at a helght of 55,000 feet, © is obtained from the first example whilst
&* and & are found on the assumptlon that the velocity in the boundary leayor
follows a 1/7th power law, Tt has been assumed of course that the by adary
layer 1s turbulent all over the wing, and that there is zero heat transfer.

TABLE 2

Boundary layer thicknesses at the trailing edge

v/8 ) o )

0:05  L4+1" 445" 557
Q+2 2.3" 8.0n 31.2u
0.5 1.6" 5.5n 21.qn
08 o.7n 26" 9.8"

7 THE EFFECT ON THE PRESSURE DISTRIBUTION

Putting ¢ = 1 for convenience we may take the momentum tiickness 9 to ba
given by

1+-11; 1+n - -11; nF
8 = o, (x - ,-ZD R <1 + 0-128i ,
no allowance being made for convergence or divergenco of streamlines, © and 3

are given in Table 1 for values n = L or n =5, We shall choose n = L as boi
slightly simpler numerically, with no loss in accuracy.

Since ) 5% = HQ

where H is given in Table 1 s+ We have

| L | .08 o ~U-622
& = 0.0370 {2-5 (1 + O-178M°2°> - 1} (x - la‘é[) RO 2<1+o-128M2> )

[~

eeaa( 103
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Wa shall write

NN (11)

7

and note that for & = 08 (corresponding to n = 4) M =2, & = 10" we have

L = 0+0037k.

The effect of the boundary layer on the flow is the same as though the
fluid were inviscid, but that the wing z = z(x,y) were replaced by

z = z(x,y) + 8*.

We shall use slender thin wing theory, which is a linear theory. Hence
if u ¢ is the velooity potential due to z(x,y) and u_Ap is thet due to 8% the

two values may be added to obtain the overall vclocity potential. &P is
celculated in Appendix 1 by methods explained in Ref,5. We zim %o determine
Lop, the change in pressure coefficient due to displacement thickness.

The result for £ = 0-8, corresponding to n = k4, is, if

2 2
7]'—"2%;: Bm = M_ -1,

_ 8L =02
Bo, = B {K(Inl)

2 log %ﬁs} , (12)

assuming &8 before that C = 1. The value of K is given in Table 3.

TABLE 3

Value of K(n) for £ = 0:8

n 000 0-10  0-20  0:30  0-40  ©+50 0+60
K(n) 0-000 0-004 0-023 0:063 0-130 0-235 0+ 388

n, 0-70 ©0-75 080 0:85  0:90 095 100
K(n) 0627 0-798 4-027 1349 1-852 2-8Bi1 oo

In the first oxamplo, for which s = 1/3, W= 2, R = 107, T = 0-0057%

Bs = 04577, AQP is always positive. Isobars of Acp are shown in Fig.4k. These

are likely to be reasonebly accurate except in the rear part of the wing near
to the centre line, where the increasing displacement thickness should cause

an increase in Aop.

It may bc noted that we may not suppose that Aop can be obtained from
simple wave theory. We show in Fig.5 the value of Aop compared with that

- 41 -
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obtained by simple wave theory, slong the line y/s = 00225, Similar divergeaucs
ocour everywhere on the wing,

4c_ has a singularity at ln] = 1. In fact when n = 1-g¢ it can be shown
that

K(1-s) = 4 3240¢"0"% - 5.0606 + 0-5836 + 0(c2) , (13

and 80 the singularity is integrable.

8 THE BOUNDARY LAYER PRESSURE DRAG

Once Aop is known the boundary layer pressure drag cooefficient is

oalculated from the formula

s 1
2 2z
ACD = 3 dy /‘ AoP 3% dx ,
"2 |y/s)

taking into acoount both surfaces of the wing. Hence

1 1
9z {45)
ACh = & [ dk.[ Aop 3% dx , &)
) k

or writing k = y/s ,

In our first example we evaluate the integral numerically using equation
(13) near the singularity. We find for R = 407 fhat

ACD = 000008 .

This is only 1% of tho inviscid wave drag, which is 000824, fThe wing
considered is rather thick (meximum thickness/chord ratio of 1142 ) and the
inviseid wave drag varios as the square of the thickness, whilst ACD varies as

the thickness., Henoce if the maximum thickness of the wing werc halved the
inviseid drnog would be reduced to one quarter the above velue whereas ACD would

be helved., Henoce ACD would rise to 2% of the inviseid velue. On the other hand
ACD.Vafiés as'R“q.z 80 that an inorease in Reynolds nunber from 107 to £111 snnla
(soy L x 108) has the effect of halving ACy.
In the second example the pressure drag was direetly calculated by the
supersonic ares rule. Thia drog was found to be negative and the reduction in
drag thereby produced amounted to as much as 437 for a {eynolds number of

2 x 109, The results are given in Table 4, With a macivine programme avnilablas
1t was possible to take into acoount the inerensed thickonin: of the baundary

- 12 -
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layer near to the oentre line. Tt was found, however, to makc no appreciable
difference to the overall drag. These calculations were performed by
J.A. Beasley, who devised the machine programme.

TABLE 4 ,
Pressure drag coefficicents for the wing tested by Firmin, M = 2°2
R OD Decrease due to
boundary layer
co 0+ 00562 - '
107 0+ 005k 30 2%
6 x 106 0+ 00543 3 4%
2 x 106 0+ 00538 L 3%
2 THE SKIN FRICTION DRAG

For o thin wing with a boundary layer development as described above the
total skin friotion drag will be approximately the same as that over g flat
plate with the same planform. A fair approximation to this may be found by
assuming the plate to be rectangular with a chord equal to thec mean chord of
the wing. We may then find the drag in the manner recommended by Monaghan®.
This gives an overall drag cocfficient, taking both sides of the plate into
consideration, of

2:8_ =26
C, = 0:92 28 (10g, 7 (=2 (15)
F = T 1 7%810 “\T ) ’
w W

where R is the Reynolds number based on mean chord and on free stream eonditions
and, in the case of zero heat transfer,

e 1
T = + 7 oo *
8
This gives for the wing discussed earlier, with o mean chord of 100 feet,
flying at Mach 2:2 at 55,000 feet

CF = 0-00257 .

This will epply even if the wing varies in shape and thickness, so long

a8 the Reynolds number, based on mean chord, is unchanged and the wing is thin
and has a low lift coefficient with attached flow.

If the wing is a delta with rhombic eross-sections and Lord V area
distribution and maximum thickness chord ratio 11+2% the wave drag coefficient
is 000821, whilst for 5+€% thickness the ocoefficient is 0+00205. 1In the
latter oase the skin friction drag and wave drag are roughly of the same order
of magnitude, whilst the boundery layer pressure drag is 0+5% of the total
wave drag plus skin friction drag. A

- 13 -
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The streamline convergence towards the rear near to the ccntre iine,
lgnored in the above ostimates, will ceuse an increased pressurce coefriciont.
and this, being on backwards facing surfaces, will reduce the precssurc drag
slightly in the first example. In the second example the chan o is negligisic,

10 CONCLUSIONS
The main results are that at moderate Mach numbers: -

(1)  The boundary layer over a thin delta wing at zero 1ift develops ‘n
much the samo way as though the wing were a flat plate of the smme plenform
placed edge on to the stream, and the skin friction is the samo as thet of o .
flat plate. S

(2) At test and full scale Roynolds numbers thc boundary layer normal
pressure drag is in goneral small enough to be neglected compared with the
inviscid wave drag and skin friction drag, though this may not be true for -
wing with large slopes at the rear, as in our second examplec.

Thera seems to be no reason why these conclusions should not apply tc
other planforms besides dcltas so long as the wings are slonder and thin.

Little experimental ovidonce for thesoc results is available; however it
was found for the first cxample that the sum of the calculated inviscid wave
drag of the wing and the skin friction of a flat plate of the same plenform was
in fair agreement with the mcasured overall drag the maximum orror being about
2%. Agreement was not quite so good in the second example, the error seing
about 5%,

It 1s llkely thet the cause of the disagreement lies mainly in arrors ia
the boundary layer part of the ocaleulations. These ultimately depend on ths
assumption of somo skin friction law for flow over a flat plate. In view of 3he
small effect of pressure gradient whieh the calculations show, the uce of fla=
plate laws may possibly be justified, but one must remomber that Monaghan6 did
not claim better than 10% accuraoy even for flat plate flows.

There are nevertheless other sources of error which should not be
forgotten. Ono of thoese is the use of linear theory to detormine the invisc ¢
flow. In the first example considered here (Lord V) slender theory lesds to
quite accurate pressurc distributions, but it does not do so for the scoond
example (Firmin's Wing 3)., Calculations by linear thin-wing theory givs
improved results for this cese, but even so the mensured pressure near to the
tralling edge does not agree too well with caloulstions, ‘Tinclly, one must
bear in mind that in the experiments the bands of roughness put on near the
leading edges to induce trensition may provide yot another source of error, ir
spite of efforts made to allow for this.

If boundary layer profiles near to the trailing edges of slender wings
wore measured at a number of spanwise stations it might be possible to obtair
further verification of the suggestions here presented.

-l -
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LIST OF SYMBOLS

1= |nl, 1+ [nl
see equation (1) and Table 1

see equation (1) and Table 1
root chord of wing
pressure coefficient

drag coefficient

increment in drag coefficient

skin friction drag coefficient

sce equation (1) and Table 1

see equation (1) and Table 1
defined in equations (16) end (17)
8*/0

defined in equation (19)

y/s

see equation (20) and Table 3
index in equation (11)

coefficient in equation (11) for &%
Mach number

index in skin friction law Ref.2
see equation (1) and Table 1
defined by equation (6)

Reynolds number = u o/v_

uee/'v6

semi-span at trailing edge

aree of scction of wing by plans x = constant

distance measured along streemlines in Section 5

- 15 =
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LIST OF SYMBOLS (Cont'd)

temperature.

- veloelty components in x and y directions

rosultent velooity
total volume of wing

Cartesian co-ordinates, x along the centre line, the mcdian plane
being z = O

h[M2-1

‘Euler!s constant = 0577216

boundaryvlayer thioﬁness
displacement thickness

given by 7 = 1~-g in equation (43)

. y/sx

momentum thicknesa
(0/0)*2

kinematic viscosity
velocity potontial

Buler's ¢ function

Subseripts:~

(o]

e

refers to valuocs at infinity
refers to values Just outside the boundary layer
refers to valucs on the surfroe of the wing

refers to valucs at o "mear! position

- 16 =~
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APPENDIX 1

DETERMINATION OF A¢ AND Ao
2

The equation of the displacement surface is

S . A
Az = & = L(x-,xD .
3
By Reference 5 we have

= 1
u M = ﬂ:F1+—2?F2’

. 8X
~ 38z(x,y) -
F, = f i log |y-yt| ay'

. =-8%,
X
F, = 45'(x) log 4p - fAS"(x) log (x-x') ax' ,
)
sx
AS(x) = 4 / bz(x,y) dy ,
o
g = M- 1,

From equation (18) we have

(2%
_ 4Lsx
5(x) = HEe L Sx) = ex® , s7(x) = amesd

X
- £
F2 = LLsx” log 4B - 4Lse ‘/.x’eq log (x-x') ax'
o

- A 1o :
= LLsx [log 3B = log x + Yy + v(6+1)} ’

- 18 .
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Appendix 1
on putting x! = tx in the integral end noting that, if y is Eulor's constant
and y(£+1) is Euler's ¥ function/,

1 .

L f & log(1-t) at = =y =y(&+1) .
o .

This may be_verified by term-by-term integration and the use of the
series for Y{&+1)!, namely

=,
y(e+1) = ~y+321 o

n=1
Hence
-z—z-g = l.l.s«'&xe"1 ‘[log B - log x + ¥ + \[I(E)} ,
since | Wert) = 3+ w8 .

Now F1 may be written, putting y' = sxt'

"
F, = &L [sx'e’ (‘l--t')e"'1 {log |y-sxt]| + log (y+sxt‘)] at!
o
! ~
= eLsx'ef al {2 log sx + log |t=a| + log (‘b-—'(:)-)i at ,
o

on putting

t = 1=t , a = 1=Inl , v = 14ln] , n= yex.
Henee

1 ;
3y
.a....l = ¢Lex {2 log sx + % + & jt&—1 [1og |t=a]| + log (b..t)} at
x
[+]

1
-1 1 1
+ |l [t (—-F’:;—m dt} .

[}
-19 -
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Arpendix 1

On evaluating by parts of the first integral we may reduce this t»

oF
1 =1
o = fhsx [} I,+ Jg* 2 log lnl:],
1 1
where te-1 t5_1 o
I-C = '/"_b—:—;dt s J-& = fmd‘b. {3
[o] (o]

Cauchy principel values are to be taken where necessary,

Henoe we have

P YU, U, ox

2
_2_@;?5__ {K(n)- 2 log %ﬁs} ’

where

Kn) = I, -9, -21og [n| -2 {y+y(e)] .
If £ = 4/5 we find from the 'bables8 that
¥(0-8) = -0:965009 , 4 = 0-577216

and hence

K(n) = In.g=1J4.g~210g |n| + 0:77559 , (20)

IO-8 and JO-S may be evaluated numerically for a series of values of n and
henoe K determined. Table 3 gives values of X for a series of values of -,

If 1= 1-g, where ¢ 1s small, K(n) behaves like 8-0-2; in fact it can be

shown that for £ = 4/5

K(1-g) = 43240 ¢72"2 _ 500606 + 0+583¢ + 0(32) ,

and so K(n) has an integrablc singularity at o = 1,

- 20 -
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FIG.2. CALCULATED EXTERNAL STREAMLINES Net |-5.
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A.R.C, CoPe Na,696 B33.693.3 ¢
532,526, @
533.6,011.5
TURBULENT BOUNDARY LAYERS ON DELTA WINGS AT ZERO LIFT.

Cooke, J.C., March, 1963.

It is found that, for turbulent flow at Mach mumber 2 over a thin
delta wing at zero 1lift, the effect of pressure gradient on the boundary
layer is negligible; thus boundary layer calculations allowing for conver=-
gence and divergence of streamlines are simplified, When these are dere it
1s found that, except near the centre 1line, where streamline canvergence
causes extra thickening towards the trailing edge, the momentum thickness is
nearly the same as it would be for flow over a flat plate of the same plan=~
form, Thix enables the bcuncary layer pressure drag and the skin friction
drag to be determined simply. It is found that the pressure drag may be
neglected compared with the total drag, whilst the skin friction 1s the same
ag that of a flat plate of the same planform,

AR.Co C.P, N0,696 B3¢693.3

532,526,44
2B3.64011,5

.
H
.
:

TURBULENT BOWNDARY LAYERS ON DELT4 WINGS AT ZERO LIFT,
Cooke, J.C, March, 1963.

It Is found that, for turbulent flow at Mach number 2 over a thin
delta wing at zero lift, the effect of pressure gradient on the boundary
layer is regligible; thus boundary layer calculations allowing for conver-
gence and divergence of streamlines are simplified, When these are done it
1s found that, except near the centre line, where Streamline convergence
cauges extra thickening towards the tralling edge, the momentum thickness Is
nearly the same as It would be for tlow over a flat plate of the same plan=-
form. This enables the boundary layer pressure drag and the skin friction
Aareg o ba detarwined slmely, It I found that the pressure drag may be
neglected compared with the total drag, whilst the skin friction Is the same
! a8 that of a flat plate of the same planform.

A-R.C. C.P, No,696 533,693,3 ¢
532,526.4 &
533.6.011,5
TURBULENT BOUNDARY LAYERS ON DELTA WINGS AT ZERO LIFT.

Cooke, J.C, March, 1963

It is found that, for turbulent flow at Mach number 2 over a thin
delta wing at gzero 1ift, the effect of pressure gradient on the boundary
leyer 1s negligible; thus boundary layer calculaticns allcwing for conver-
gence and divergence of streamlines are simplified. When these are done it
is found that, except near the centre line, where streamline convergence
causes extra thickening towards the tralling edge, the momentum thickness is
nearly the same as It would be for flow over a flat plate of the same plan—
form, This enables the boundary layer pressure drag and the skin friection
drag to be deterrined simply. It is found that the pressure drag may be
neglected compared with the total drag, whilst the skin friction is the same
as that of a flat plate of the same planform,

533469343
532.526,4
533.6.011.5

AR.C. C,P, No,696

TURBULENT BOUNDARY LAYERS ON DELTA WINGS AT ZERO LIFT,
Cooke, J.C. March, 1963.

It is fourd that, for turbulent flow at Mach number 2 over a thin
delta wing at zero lift, the effect of pressure gradient on the boundary
layer 13 negligible; thus boundary layer calculaticns allowing for conver-
gence and divergerce of streamlines are simplified. When thess are done it
1s found that, except near the centre line, where streamline convergence
ceuses extra thickening tewards the trailirg edge, the momentum thickness 1is

nearly the same as it would be for flow over a flat plate of the same plan-
fcrm. This enables the houndary layer pressure drag and the akin friction
drag tu be delermined simpiy. It 1s Iound that tne pressure drag may be
reglected compared with the total drag, whilst the skin friction is ths same
as that of a flat plate of the same planform,
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